Primordial black holes (PBHs) could provide the dark matter in various mass windows below 10 2 M and those of 30M might explain the LIGO events. PBHs much larger than this might have important consequences even if they provide only a small fraction of the dark matter. In particular, they could generate cosmological structure either individually through the 'seed' effect or collectively through the 'Poisson' effect, thereby alleviating some problems associated with the standard CDM scenario. If the PBHs all have a similar mass and make a small contribution to the dark matter, then the seed effect dominates on small scales, in which case PBHs could generate the supermassive black holes in galactic nuclei or even galaxies themselves. If they have a similar mass and provide the dark matter, the Poisson effect dominates on all scales and the first bound clouds would form earlier than in the usual scenario, with interesting observational consequences. If the PBHs have an extended mass spectrum, which is more likely, they could fulfill all three roles -providing the dark matter, binding the first bound clouds and generating galaxies. In this case, the galactic mass function naturally has the observed form, with the galaxy mass being simply related to the black hole mass. The stochastic gravitational wave background from the PBHs in this scenario would extend continuously from the LIGO frequency to the LISA frequency, offering a potential goal for future surveys. * B.J.Carr@qmul.ac.uk † joseph.silk@physics.ox.ac.uk 2
I. INTRODUCTION
The standard Cold Dark Matter (CDM) scenario is characterised by two assumptions: the dark matter comprises some form of weakly interacting massive particle (WIMP); and cosmic structures -from the first bound clouds through galaxies to clusters of galaxies -form from initial inhomogeneities through a process of hierarchical build-up. However, both these assumption may be questioned. After many decades of searching, there is still no evidence for WIMPs, either from accelerator experiments or from dark matter searches (Di Valentino et al. 2014 ) and simulations of structure formation in the CDM scenario reveal several well-known problems on the scale of galaxies, including missing satellites, cores versus cusps, too big-to-fail, frequency of ultra-diffuse galaxies and the baryon fraction (Silk 2017a ). Another problem is that some observational anomalies may require the existence of non-linear structures early in the history of the Universe (Dolgov 2016) . In particular, it is now known that most galactic nuclei contain supermassive black holes (SMBHs), with mass extending from around 10 5 M to 10 10 M and already in place at high redshift (Kormendy & Richstone 1995) . These SMBHs are usually assumed to form as a result of dynamical processes after galaxy formation but it may be hard to explain how they could have formed so early in the standard picture, especially in dwarf galaxies (Silk 2017b) .
In this paper we point out that many of these problems may be solved by invoking a population of primordial black holes (PBHs) which formed in the early Universe (Carr & Hawking 1974) . This view has also been advocated by Garcia-Bellido (2017) , Clesse & Garcia-Bellido (2015) and Garcia-Bellido & Clesse (2017) . For example, there are general arguments that PBHs rather than WIMPs may provide the dark matter. This is because the density of such black holes is not constrained by the limits on the baryonic density implied by big bang nucleosynthesis (BBNS), so they would be natural CDM candidates. Furthermore, this has the advantage that -unlike the situation for WIMPs or other particle candidates -there is no need to invoke new physics (Frampton 2016) . The PBH dark matter proposal has been emphasized from the earliest days of PBH research (Chapline 1975; Carr 1975) but it has become particularly popular recently (Carr, Kuhnel & Sandstad 2016; Chapline & Frampton 2016 ) -especially since the discovery of black hole coalesences by LIGO Clesse & Garcia-Bellido 2017b) , although this may only require a small fraction of the dark matter to be in PBHs (Sasaki et al. 2016) . However, there are only a few permissible mass windows in which PBHs could contribute significantly to the dark matter (Carr et al. 2010 (Carr et al. , 2017a . The most interesting for present considerations is the intermediate mass range (10 − 100M ) but there are also windows in the lunar-mass (10 20 − 10 24 g) and the asteroid-mass (10 16 − 10 17 g) ranges.
Most relevant to the considerations of this paper, there are various ways in which sufficiently massive PBHs could affect the development of large-scales structure and thus help resolve the problems of the CDM scenario. For example, sufficiently large PBHs might grow enough through accretion to seed the SMBHs which reside in AGN (Bean & Magueijo 2002; Clesse & Garcia-Bellido 2015; Habouzit, Volonteri & Dubrois 2017) . Or if the SMBHs are themselves primordial, they might play a role in generating galaxies, either through the Poisson fluctuations in their number density (Meszaros 1975) or on account of their gravitational Coulomb effect (Hoyle & Narlikar 1966) . In the latter case, they would need to have an initial mass of at least 10 6 M but their contribution to the dark matter density need only be 10 −3 . Somewhat smaller PBHs could allow the first baryonic clouds to bind earlier than usual, with important implications for observations in the dark ages, such as the generation of an infrared background (Kashlinsky 2016 ). This could also modify baryonic feedback in dwarf galaxies (Silk 2017c ) and have other knock-on effects for the development of cosmic structure.
All these features apply within the standard models of particle physics and cosmology, so this proposal should be regarded as complementing the CDM scenario rather than rivalling it. One just needs to invoke extra non-Gaussian power on scales well below those observable in the CMB or galaxy surveys. Indeed, this illustrates an important principle: one expects the first bound objects to be much smaller than galaxies in most cosmological scenarios and -as discussed by Carr and Rees (1984) even before the advent of the CDM scenario -many astrophysical processes associated with these objects could generate larger scale density fluctuations. Thus structure on the scale of galaxies and clusters need not derive entirely from primordial fluctuations.
But is the existence of such huge PBHs plausible? A PBH forming at a time t after the big bang would have a mass of order the particle horizon size ∼ 10 5 (t/s)M , so this depends on how late they can form. It is sometimes argued that this should be before weak freezeout at 1 s, corresponding to a maximum mass of 10 5 M . This is because PBH production usually requires large inhomogeneities, which might be expected to disturb the usual BBNS out that sufficiently large PBHs would swallow their host galaxy entirely. It also considers the effects of PBHs on the formation of the first bounds clouds. Sec. VII discusses the possible gravitational wave background generated by PBHs with an extended mass function.
Sec. VIII draws some general conclusions.
II. CONSTRAINTS ON MASSIVE PBHS
We now briefly review various constraints which can be imposed on the density of PBHs large enough to affect the development of cosmic structures. These constraints have been discussed in many recent works but an up-to-date summary for a monochromatic PBH mass function is shown in Fig. 1 . This is part of a figure from Carr et al. (2018) , which provides a comprehensive review of the constraints over a much wider mass range. Clearly there is considerable overlap with these constraints but they all come with various caveats, so it is useful to have several in each mass range. While PBHs with a single mass are excluded from providing all the dark matter (f ∼ 1) over the entire mass range above about 1M , the main message of Fig. 1 is that this may not exclude them having the small density (f ∼ 10 −3 ) required for cosmic structure effects. In particular, the fraction of the dark matter density in SMBHs in galactic nuclei is Ω smbh /Ω dm ∼ 10 −4 . Perhaps the most serious constraint comes from the µ-distortion in the CMB, expected if PBHs are generated by primordial inhomogeneities on scales which are later dissipated. This may exclude PBHs in the mass range 10 5 − 10 12 M entirely, so we give this special consideration.
Lensing effects constrain f (m) over a wide range of masses. The microlensing of stars in the LMC by objects in our own halo was studied by the MACHO and EROS experiments (Alcock et al. 2001 , Hamadache et al. 2006 ) and provides constraints up to around 10M , although these constraints may be weakened for certain halo models (Calcino, Garcia-Bellido & Davis 2018) . Studies of quasar microlensing by Mediavilla et al. (2009) suggest a limit f (m) < 0.05 for 0.1 M < m < 10 M (i.e. the same mass rnage) but the microlensing of supernovae (Zumalacarregui & Seljak 2017) or stars in the giant arcs gererated by cluster lensing (Oguri et al. 2018) extends the constraints to masses of around 10 4 M . At still larger mass scales, searches for millilensing of compact radio sources by Wilkinson et al. millilensing of radio sources (RS); disruption of wide binaries (WB), globular clusters (GC) and star clusters in Eridanus (Eri II); disk-heating (DH) and disruption of dwarf galaxy Segue 1 (Seg I); dynamical friction drag of halo objects (DF) and galaxy disruption in clusters (GD); accretion constraints from CMB anisotropy (Planck) and X-ray binaries (XRB). Also shown is the range of masses excluded by the µ-distortion constraint if PBHs form from Gaussian primordial fluctuations. The large-scale structure limit (derived in Sec. V) is shown as a broken bold line.
We do not discuss the various claims of positive detections of dark matter by lensing.
Numerous dynamical limits have been discussed by Carr & Sakellariadou (1999) . Many of them involve the destruction of various astronomical objects by the passage of nearby PBHs. If the PBHs have density ρ and velocity dispersion V , while the objects have mass M c , radius R c , velocity disperson V c and survival time t L , then the constraint has the form:
The three limits correspond to disruption by multiple encounters, one-off encounters and non-impulsive encounters, respectively. The fraction is thus constrained over the mass range (2014) and may reduce the limiting mass to around 20M . As a compromise, we take the limit to be 100M and the constraint then becomes
Using a similar argument, the survival of globular clusters against tidal disruption by halo PBHs gives a limit (Moore 1993; Carr & Sakellariadou 1999) 5) although this depends on the mass and the radius of the typical cluster. Related but somewhat stronger constraints are associated with the survival of Segue I (Koushiappas & Loeb 2017 ) and a star cluster in the dwarf galaxy Eridanus II (Brandt 2016 ) but we note that the presence of a primordial IMBH in an ultra-faint dwarf would enhance its survivability. On still larger scales the survival of galaxies in clusters against disruption by giant cluster PBHs gives a limit (Carr & Sakellariadou 1999) 
(10 10 M < m < 10 11 M ) 0.1 (10 11 M < m < 10 13 M ) .
(2.6)
A somewhat different dynamical effect is the heating of stars in the Galactic disc by halo objects, this giving a limit
The lower expression corresponds to having at least one PBH within the Galactic halo. The upper limit of 3 × 10 6 M agrees with the more precise calculations by Lacey & Ostriker (1985) , although they argued that black holes with 2 × 10 6 M could explain some features of disc heating. Constraint (2.7) bottoms out with a value f ∼ 10 −3 . On still larger scales, dynamical friction will drag halo black holes into the Galactic nucleus; these holes could then merge to form a single SMBH whose mass must not exceed the observed SMBH mass of 4 × 10 6 M . We include this limit in Fig. 1 but do not give an explicit expression for it since it is complicated and model-dependent. Also it can be circumvented if black holes can be ejected from the Galactic nucleus by 3-body effects.
Another important constraint comes from accretion effects. PBHs cannot accrete appreciably in the radiation-dominated era (Carr & Hawking 1974; Novikov et al. 1979 ) but they might still do so in the matter-dominated period after decoupling and a Bondi-type analysis should then apply. The associated accretion and emission of radiation could have an important effect on the thermal history of the Universe, as first analysed by Carr (1981) .
This possibility was investigated in more detail by Ricotti, Ostriker & Mack (2008) , who studied the effects of such accreting PBHs on the ionisation and temperature evolution of the Universe. The emitted X-rays would produce anisotropies and spectral distortions in the cosmic microwave background (CMB). Using WMAP data to constrain the first, they obtained the constraint:
(10 4 M < m < 10 11 M ) .
(2.8)
The limit flattens off above 10 4 M because the black hole acretion rate then exceeds the Eddington limit. The spectral distortion limit implied by FIRAS data has a similar form but extends down to a lower mass and bottoms out a larger value of f . The Ricotti et al. limit is not shown in Fig. 1 because it contains an error. However, recently the accretion constraints have been reconsidered by several groups, who find weaker limits. calculate the accretion on the assumption that it is suppressed by Compton drag and Compton cooling from CMB photons, allowing for the PBH velocity relative to the background gas. They find the spectral distortions are too small to be detected, while the anisotropy constraints only exclude f = 1 above 10 2 M . Horowitz (2016) and Chen, Huang & Wang (2016) perform a similar analysis and obtain stronger upper limits of 30M and 0.2M , respectively. However, neither of these analyses includes the flattening of the limit on f (m) above some mass due to the accretion rate exceeding the Eddington limit. The CMB anisotropy constraints from the Planck satellite are even stronger if the PBHs form accretion discs (Poulin et al. 2017) . This is the only accretion limit shown in Fig. 1 but we stress that all of them are very dependent on astrophysical assumptions and therefore not so secure. We also show the limit associated with X-ray source counts (Inoue & Kusenko2017) , this extending from a few to 10 7 M .
Another important limit comes from the dissipation of density fluctuations between 10 6 and 10 9 s (or 5 × 10 4 < z < 2 × 10 6 ) by Silk damping. This results in a µ-distortion in the CMB spectrum (Chluba, Erickcek & Ben-Dayan 2012) , leading to an upper limit δ(m) < √ µ ∼ 10 −2 over the mass range 10 3 < m/M < 10 12 . This limit was first given in Carr & Lidsey (1993) , based on a result in Barrow & Coles (1991) , but the limit on µ is now stronger. When PBHs form abundantly, the dispersion of primordial fluctuations is also expected to be large, so Silk damping would produce unacceptably large µ distortions.
However, this is a limit on the density fluctuations from which the PBHs derive and it can be translated into an upper limit on the PBH abundance only if one assumes a model for their formation.
If the fluctuations are Gaussian and the PBHs form on the high-σ tail, as in the simplest scenario (Carr 1975) , one finds a constraint on f (m) in the range 10 3 < m/M < 10 12 (Kohri et al. 2014) . However, the assumption that the PBHs form on the high-σ tail of Gaussian density fluctuations may be incorrect. For example, this does not apply in the model of Garcia-Bellido, Peloso & Unal (2017) or in the "patch" model of Nakama, Suyama & Yokoyama (2016) , in which the relationship between the background inhomogeneities and the overdensity in the tiny fraction of the volume which collapses to PBHs is modified. The µ-distortion constraint could thus be much weaker, so one needs to consider the dependence of the µ−distortion limits on the possible non-Gaussianity of primordial fluctuations.
By using a phenomenological description of non-Gaussianity introduced in Nakama, Suyama & Yokoyama (2014), Nakama, Carr & Silk (2018) have recently calculated the constraints on f (m), assuming both the FIRAS limit of µ = 9 × 10 −5 (Planck collaboration 2016) and the projected upper limit of µ < 3.6 × 10 −7 from PIXIE (Abitbol et al. 2017) .
The limits are shown by the grey band in Fig. 1 and essentially rule out PBHs playing an important cosmological role over the entire mass range 10 5 − 10 12 M unless the primordial fluctuations are highly non-Gaussian. Otherwise one would need to invoke smaller PBHs with initial masses of 10 5 M which undergo substantial accretion between the µ-disortion era and the time of matter-radiation equality,
III. THE PBH MASS FUNCTION
In many scenarios, one would expect PBHs to form with an extended mass function. This is interesting because it would allow them to play a variety of cosmological roles. In this section, we discuss four such scenarios, with particular regard to the question of whether PBHs could provide both the dark matter and the seeds for cosmic structure. The first assumes that the PBHs form from scale-invariant primordial fluctuations or the collapse of cosmic strings, the second that they form in an early matter-dominated era, the third that they form from initial inhomogeneities of inflationary origin, and the fourth that they form from critical collapse. In each of these cases, we will give the form of the mass function and the relative densities of the PBHs which provide the dark matter and the cosmic seeds. If the SMBHs in galactic nuclei are primordial, observations require the ratio of the densities to be of order 10 −4 but the initial ratio may be smaller if the PBHs accrete.
A. Collapse from scale-invariant fluctuations or cosmic strimgs
If the PBHs form from scale-invariant fluctuations (i.e. with constant amplitude at the horizon epoch), their mass spectrum should have the power-law form (Carr 1975 )
where γ specifies the equation of state (p = γρc 2 ) at PBH formation. The exponent arises because the background density and PBH density have different redshift dependencies. The mass function is also proportional to the probability β that an overdense region of mass m has a size exceeding the Jeans length at maximum expansion, so that it can collapse against the pressure. In this case, β should be scale-independent, so if the horizon-scale fluctuations have a Gaussian distribution with dispersion δ H , one expects (Carr 1975 )
Here erfc is the complimentary error function and δ c is the threshold for PBH formation.
A simple analytic argument suggest δ c ≈ γ but more precise arguments -both numerical (Musco & Miller 2013) and analytical (Harada, Yoo & Kohri 2013 ) -suggest a somewhat larger value. At one time it was argued that the primordial fluctuations would be expected to be scale-invariant (Harrison 1971 ) but this does not apply in the inflationary scenarios (discussed below). Nevertheless, one would still expect the above equations to apply if the PBHs form from the collapse of cosmic loops because the collapse probability is then scale-invariant.
One usually assumes 0 < γ < 1, corresponding to 2 < α < 3, in which case most of the density is in the smallest PBHs and the density of those larger than m is
where m max and m min are the upper and lower cut-offs for the mass function. If we assume that the PBHs contain a fraction f dm of the dark matter, this implies that the fraction of the dark matter in PBHs of mass larger than m is
where m dm ≈ m min is the mass-scale which contains most of the dark matter. [Alternatively, one could define f (m) as the fraction in PBHs in the mass interval (m, 2m), which is smaller by a factor 1 − 2 2−α .] In a radiation-dominated era, which is most likely, γ = 1/3 and the exponent in Eq. (3.4) becomes 1/2. There is then a simple relationship between the density of the primordial SMBHs, taken to have a mass m smbh , and ones which provide the dark matter:
If one wants to identify the SMBHs with those in galactic nuclei, this ratio must be around 10 −4 , which requires m smbh ∼ 10 8 m dm . In a more general scenario, in which α is regarded as a free parameter, unrelated to γ, one requires m smbh ∼ 10 4/(α−2) m dm .
B. Collapse in a matter-dominated era
PBHs form more easily if the Universe becomes pressureless (i.e. matter-dominated) for some period. For example, this may arise due to some form of phase transition in which the mass is channeled into non-relativistic particles (Khlopov & Polnarev 1980; Polnarev & Khlopov 1985) or due to slow reheating after inflation (Khlopov, Malomed & Zeldovich 1985; Carr, Gilbert & Lidsey 1994; Carr et al. 2018b) . Since the value of α in the above analysis is 2 for γ = 0, one might expect ρ(m) to increases logarithmically with m. However, the analysis breaks down in this case because the Jeans length is much smaller than the particle horizon, so pressure does not inhibit collapse at all. Instead, collapse is prevented by deviations from spherical symmetry and the probabiity of PBH formation can be shown to be (Khlopov & Polnarev 1980; Polnarev & Khlopov 1985) 
This is in agreement with the recent analysis of Harada et al (2016) and leads to a mass
β(m) is small for δ H (m) 1 but much larger than the exponentially suppressed fraction in the radiation-dominated case. If the matter-dominated phase extends from t 1 to t 2 , PBH formation is enhanced over the mass range
The lower limit is the horizon mass at the start of matter-dominance and the upper limit is the horizon mass at the epoch when the region which binds at the end of matter-dominance enters the horizon. This scenario has recently been studied by Carr, Tenkanen & Vaskonen (2017b) .
Since the primordial fluctuations must be approximately scale-invariant (even in the inflationary scenario), β(m) is nearly constant, so Eq. (3.1) applies with α ≈ 2. Thus the mass function is uniquely determined by the values of t 1 and t 2 . Although it could well be extended enough to incorporate both dark matter and SMBH scales, f (m) should only have a weak dependence on m, so the ratio f smbh /f dm woud be too large for PBHs to fulfill both roles. However, we note that in the PBH scenario advocated by Deng & Vilenkin (2017) , one expects a combination of mass functions of the form (3.1), with α = 2 below some critical mass and α = 5/2 above it.
C. Collapse from inflationary fluctuations
If the fluctuations generated by inflation have a blue spectrum (i.e. decrease with increasing scale) and the PBHs form from the high-σ tail of the fluctuation distribution, then the exponential factor in Eq. (3.2) might suggest that the PBH mass function should have an exponential upper cut-off at the horizon mass when inflation ends (Carr et al. 1994) . This corresponds to the reheat time t R , which the CMB quadrupole anisotropy requires to exceed 10 −35 s. In this case, f (m) should fall off exponentially above the reheat horizon mass, precluding any possibility of PBHs providing both dark matter and SMBHs. However, a more careful analysis gives a different result. If the fluctuations result from a smooth symmetric peak in the inflationary power spectrum (cf. Garcia-Bellido et al. 1996) , the PBH mass function should have the lognormal form
This was first suggested by Dolgov & Silk (1993) and later by Clesse & Garcia-Bellido (2015) .
It has been demonstrated both numerically (Green 2016 ) and analytically (Kannike et al. 2017) for the case in which the slow-roll approximation holds. It is therefore representative of a large class of inflationary scenarios, including the axion-curvaton and running-mass infation models considered by Carr et al. (2016) . Equation (3.9) implies that the mass function is symmetric about its peak at m c and described by two parameters: the mass-scale m c itself and the width of the distribution σ.
The integrated mass function is
As in the first scenario, this can explain the dark matter and galactic seeds fairly naturally and it does not require such a broad spread of masses. However, not all inflationary scenarios produce the mass function (3.9). Inomata et al. (2017) propose a scenario which combines a broad mass function at low m (to explain the dark matter) with a sharp one at high m (to explain the LIGO events). On the other hand, one could also envisage a scenario in which the sharp peak is in the SMBH range.
D. Critical collapse
It is well known that black hole formation is associated with critical phenomena (Choptuik 1983 ) and the application of this to PBH formation was first studied by various authors (Evans & Coleman 1994; Koike, Hara & Adachi 1995; Niemeyer & Jedamzik 1997 ). The conclusion was that the mass function still has an upper cut-off at around the horizon mass but there is also a low-mass tail (Yokoyama 1998). If we assume for simplicity that the density fluctuations have a monochromatic power spectrum on some mass scale K and identify the amplitude of the density fluctuation when that scale crosses the horizon, δ, as the control parameter, then the black hole mass is (Choptuik 1983 ) 
where
and σ is the dispersion of δ. For c = 0.35, this gives
The function f (m) would have a similar form but with an exponent of 3.85 in the first term.
In this case, the PBH density is too concentrated around a single mass to produce both the dark matter and the SMBHs in galactic nuclei. However, the above analysis depends on the assumption that the power spectrum of the primordial fluctuations is monochromatic. As shown by Kuhnel, Rampf & Sandstad (2016) for a variety of inflationary models, when a realistic model of the power spectrum underlying PBH production is used, the inclusion of critical collapse can lead to a significant shift, lowering and broadening of the PBH mass spectra -sometimes by several orders of magnitude. Nevertheless, it still seems unlikely that the PBHs can play more than one role.
IV. SEED VERSUS POISSON FLUCTUATIONS
PBHs of mass m provide a source of fluctuations for objects of mass M in two ways: (1 work. The seed mechanism was first proposed by Hoyle and Narlikar (1966) in the context of the Steady State model and later by Ryan (1972) and Carr & Rees (1984) . The Poisson mechanism was first suggested by Meszaros (1975) , although he overestimated the effect (Carr 1977) , and it was then explored in many subsequent papers (Freese, Price & Schramm 1983; Carr & Silk 1983; Afshordi, McDonald & Spergel 2003; Chisholm 2006; Kashlinksy 2016) . The relationship between the two mechanisms is subtle, so we will consider both of them in the following discussion and determine the dominant one for each mass scale.
We first assume that the PBHs have a monochromatic mass function and then consider the effect of an extended mass function, which is more plausible. Note that the seed need not be a black hole; a bound cluster of smaller objects (Carr & Lacey 1987; Metcalf & Silk 1996) or Ultra Compact Mini Halos (UCMHs) (Ricotti & Gould 2009 ) would serve equally well.
Indeed, the density fluctuations required to form UCMHs would be much smaller, so they would generally be more numerous than PBHs (Kohri et al. 2014) .
A. Monochromatic PBH mass function
If the PBHs have a single mass m, the initial fluctuation in the matter density on a scale M is
where f is the fraction of the dark matter in the PBHs and M excludes the radiation content.
If PBHs provide the dark matter, f ∼ 1 and the Poisson effect dominates for all M but we also consider scenarios with f 1. The Poisson effect then dominates for M > m/f and the seed effect for M < m/f . Indeed, the first expression in (4.1) only applies for f < m/M , since otherwise a region of mass M would be expected to contain more than one black hole, i.e. the mass bound by a single seed can never exceed m/f because of competition from other seeds. The dependence of δ i on the ratio M/m is indicated in Fig. 2 (a).
It should be stressed that the √ N fluctuation does not initially correspond to a fluctuation in the total density because at formation each PBH is surrounded by a region which is underdense in its radiation density. However, because the radiation density falls off faster than the black hole density, a fluctuation in the total density does eventually develop and this has amplitude δ i at the horizon epoch. (The error in Meszaros's initial analysis was to assume growth of the PBH fluctuation even before then.) Thereafter one can show (Meszaros 1974 ) that the fluctuation evolves as
where ρ B and ρ r are the mean black hole and radiation densities, respectively. Therefore the √ N fluctuation is frozen during the radiation-dominated era but it starts growing as (z+1) Since matter-radiation equality corresponds to a redshift z eq ≈ 4000 and an overdense region binds when δ ≈ 1, the mass binding at redshift z B is (Carr 1975 ) and this is never important. In fact, the above analysis applies even if there are no peculiar velocities.
In applying Eq. (4.3), we must first determine which effect dominates and this depends on the dark matter fraction. For a given value of f , Eq. (4.3) and the condition M < m/f imply that the seed effect dominates for z B > z eq f ∼ 4000f . This condition is indicated in Fig. 2 (b) and has a simple interpretation. Since fluctuations grow as (1 + z) −1 after z eq , the fraction of the Universe in gravitationally bound regions at redshift z B is f z eq /z B and this exceeds 1 for f > z B /z eq . In this case, competition between the seeds will reduce the mass of each bound region to at most M ∼ m/f , which is precisely the value of M above which the Poisson effect dominates. So although the expression in Eq. (4.3) for the mass bound by a seed has no explicit dependence on f , there is an upper limit for its validity which does depend on f . On the other hand, the fraction of the Universe bound by the seeds is very small for f z B /z eq , in which case the seed effect cannot berelevant for most cosmic structures. Indeed, it could play a dominant role in the formation of cosmic structures at the present epoch only for f ∼ z −1 eq , which would require fine-tuning. For larger f , the Poisson effect dominates; for smaller f , neither effect is important.
If f is is treated as a free parameter, unconstrained by observations, the dependence of M on the redshift z B is as indicated in Fig. 2(b) . However, it is interesting to obtain the constraints on the function M (z B ) implied by the limits on f (m) discussed in Sec. II. If the PBHs provide the dark matter (f ∼ 1), the Poisson effect always dominates and Eq. (4.3) and the condition m < 10 2 M imply M < 10 9 M , which is much smaller than a galaxy.
On the other hand, the mass bound by the seed effect can be as large as M ∼ z eq m for
eq , which can be in the galactic range for supermassive PBHs. However, unless one invokes highly non-Gaussian fluctuations, the µ-distortion upper limit on m of 10 5 M still implies M < 10 9 M . One can circumvent this limit if the PBHs grow appreciably through accretion after t eq but the bound mass is then reduced because the Coulomb effect cannot operate for so long.
One can constrain the mass bound by the seed and Poisson effects more precisely by considering specific limits shown in Fig. 1 . For example, the wide-binary constraint (2.4), the condition f < 1 and Eq. (4.3) imply that the Poisson effect can bind a mass 4) with this dominating the seed effect for These effects have been invoked to produce three types of structure: the first bound baryonic objects (Kashlinksy 2016) , the Lyman-α forest (Afshordi et al. 2003 ) and galaxies (Carr & Silk 1983) . If one has a monochromatic mass function, Fig. 2(c) shows that one can only bind objects as large as galaxies if one invokes either highly non-Gaussian fluctuations or appreciable accretion after the µ-distortion epoch. However, the PBH mass function is likely to be extended and one needs this anyway to produce an extended mass function for galaxies, so we now discuss this case.
B. Extended PBH mass function
If the PBHs have an extended mass function, both the seed and Poission effects could operate on different scales. Indeed, in principle, one could have two distinct PBH populations, both monochromatic but with a different mass. In this case, one population might provide the dark matter and generate a Poisson effect, while the other may provide a low density of SMBHs which generate a seed effect. However, this seems rather contrived, so the following analysis assumes that the PBHs have a continuous mass spectrum. We first discuss the power-law case, since this is easiest to analyse and conveys the essential qualitative features.
We will then consider the other possible mass functions described in Sec. III.
We first note that the competition between seeds can be neglected providing the fraction of the universe bound by them is small. In the power-law case, for seeds of mass m, this requires the mass of the bound regons to satisfy M < f (m) −1 m ∝ m α−1 . Since this is an increasing function of m for α > 1, we need to satisfy this requirement at the lowest value of m, leading to the condition M < f −1 dm m dm . In this case, each bound region will contain a single seed and its mass will exceed that of the black hole by a factor z eq /z B ∼ 10 3 , so the PBH mass spectrum will generate a galaxy mass spectrum of similar form. This is the simplest scenario but has the disadvantage that only some fraction of the gas goes into bound regions.
If the filling factor of the bound regions exceeds one, the situation is more complicated.
In the monochromatic case, we saw that this corresponds to the Poisson effect becoming more important than the seed effect. In the extended case, it leads to a combination of the 11) this being the redshift below which the Poisson effect dominates, and the associated mass is
Note that z * decreases and M * increases as m max increases and f dm decreases. Indeed, the
Poisson effect dominates for all masses binding in the matter-dominated era (z B > 4000) if For f dm ∼ 1 and m dm ∼ 10M , this is of order a galactic mass for z B ∼ 3 and of order the mass of the first bound clouds for z ∼ 100. We discuss each of these cases in more detail later but numerical calculations would be needed to elucidate our treatment.
This analysis can be extended to the other extended mass function scenarios. In the matter-domination case, we can put α = 2 in the above analysis. However, many of the equations are invalid for α = 2 because the PBH density increases logarithmically with m, so most of the density is no longer in the smallest PBHs. One can consider either a scenario with f dm = 1 and the Poisson effect or a scenario with f dm 1 and the seed effect.
In the inflationary case, the mass function is often given by Eq. (3.9), so that it has a well defined peak but is broad and falls off relatively slowly either side of the peak. In the critical collapse case, the dominant contribution to both the dark matter density and the Poisson effect comes from the mass-scale M f , so this is like the monochromatic situation.
C. Effect of compensating voids
An important caveat is that one might expect each PBH seed to be initially surrounded by a compensating void, so there would be no excess mass to generate a Coulomb effect.
However, two processes would quickly remove this cancellation: (1) the black hole may escape the surrounding void due to the peculiar velocity generated by any asymmetry in its collapse (Fitchett 1983) ; (2) the void may escape the black hole by expanding until it is larger than the region being bound (Musco, private communication) . This expansion is to be expected and if it occurs at the speed of light, it would have reached a radius of around 10 kpc by the time of matter-radiation equality (t eq ∼ 10 4 y), when the growth of the fluctuations is assumed to start. Coincidentally, this is comparable to the size of a galaxy. Cai, Padilla & Li (2015) have argued that the compensating void effect is always unimportant.
V. CONSTRAINTS ON f (m) FROM FORMATION OF COSMIC STRUCTURES
Even if PBHs do not play a role in generating cosmic sructures, one can still place interesting upper limits of the fraction of dark matter in them by requiring that various types of structure do not form too early. In this section, we will consider the constraints associated with galaxies and clusters of galaxies. We also consider the constraint associated with the first bound baryonic clouds, although this is not based on direct observations but is merely the condition that the standard CDM prediction is not modified. We will then combine these constraints into a single constraint on the function f (m). Throughout this section we assume that the PBHs have a monochromatic mass function. How one can apply these limits for the case of an extended mass function is discussed, for example, by Carr,
Kuhnel & Sandstad (2016) and Carr et al. (2017a).
A. Lyman-α forest but only because it is indirectly related to the constraints discussed below. Indeed, the Carr et al. requirement that 10 10 M objects must not bind earlier than observed, while a misinterpration of the Afshordi et al. argument, is just a special case of the requirement that galaxies should not form too early.
B. Galaxies and clusters
In deriving the condition that galaxies do not form too early, it must be appreciated that galaxies span a wide range of masses and the upper limit on their formation redshift, z B (M ), only refers to typical galaxies of mass M (i.e. some galaxies of that mass may form earlier than the average). Nevertheless, one can still obtain rough PBH constraints. For example, if we assume that Milky-Way-type galaxies have a mass of order 10 12 M and must not bind before z B ∼ 3, we obtain
This limit is shown in Fig. 3 and bottoms out at m ∼ 10 9 M with a value f ∼ 0.001. The first condition in Eq. (5.1) can be obtained by putting M ∼ 10 12 M and z B ∼ 3 in Eq. (4.3).
The second condition corresponds to having just one PBH per galaxy and is also the line above which the seed effect dominates the Poisson effect (f < m/M ). Indeed, since the initial seed fluctuation is m/M , the seed mass required for the galaxy to bind at z ∼ 3 is immediately seen to be 10 9 M . There is no constraint on PBHs below this line because the fraction of the Universe going into galaxies would be small, with most of the baryons presumably going into the intergalactic medium. Therefore the seed effect does not modify the form of the limit shown in Fig. 3 but merely comes into play at the minimum.
If we apply the same argument to dwarf galaxies, assuming these have M ∼ 10 10 M and must not bind before z B ∼ 7, we obtain
this bottoming out at m ∼ 2 × 10 7 M with a value f ∼ 0.002. On the other hand, if we apply the argument to clusters of galaxies, assuming these have a mass of 10 14 M and must not bind before z B ∼ 1, we obtain
this bottoming out at m ∼ 3 × 10 10 M with a value f ∼ 0.0003.
Although we are treating the various types of cosmic structures as distinct, it is clear that the above analysis can be applied to bound structures of any mass. If structures of mass M are required to form after some redshift z B (M ), the maximum value of m for which f ∼ 1 is allowed and the values of m and f where the constraint bottoms out are given by , it is also indicated by the bold broken line in Fig. 1 . It is not as strong as the dynamical friction and accretion limits but these are more tentative.
C. First baryonic clouds
The first baryonic clouds would be expected to have a mass of order 10 6 M in the CDM picture. We cannot apply the above argument to these directly because there is no observational constraint on their formation redshift. However, we know that the clouds would form at a redshift z B ∼ 100 in the CDM picture, so we can still derive a limit corresponding to the requirement that the standard picture is not perturbed. This gives the condition: on the left matches smoothly to the observational line on the right just reflects the fact that the CDM model provides a good fit to the observations.
VI. THE ROLE OF PBHS IN THE FORMATION OF COSMIC STRUCTURE
In the last section, we emphasised the constraints that can be placed on the number of large PBHs from the requirement that various types of objects do not form too early. In this section, we take a more positive approach, exploring the possibility that PBHs may have helped the formation of these objects, thereby complementing the standard CDM scenario of structure formation, a possibility also emphasized by Clesse & Garcia-Bellido (2017a) .
A. Intermediate mass PBHs as seeds for SMBHs in galactic nuclei
There is clear evidence that SMBHs with mass 10 5 − 10 10 M reside in the centres of most galaxies (Kormendy & Richstone 1995; Magorrian et al. 1998; Richstone et al. 1998), with observations of quasars suggesting that these were already in place at very early times (z > 6). This includes the recent discovery of quasars powered by black holes of 1.2×10
at z = 6.3 (Wu et al. 2015) and 8×10 8 M at z = 7.5 (Banados et al. 2017) . There is also the well-known correlation between by the mass of the SMBH and mass of the bulge, with the ratio being of order 10 4 (Graham 2012; Sun et al. 2013; Reines & Volonteri 2015) , although there may also be a correlation with the mass of the dark halo (Bogdan & Goulding 2015) .
The standard view is that these SMBHs formed through dynamical processes in galactic nuclei after galaxy formation (Rees 1984 ). There are then two possible pathways -direct collapse to black holes (Habouzit et al. 2016) or super-Eddington growth (Pezzulli, Valiante & Schneider 2016) . Both of these have been explored in a series of papers by Agarwal et al. (2012 Agarwal et al. ( , 2013 Agarwal et al. ( , 2014 Agarwal et al. ( , 2016 ) but they are not without difficulties. In the former case, the seeds are rare; in the latter case, they should be ultra-luminous and visible in deep X-ray surveys.
There is also evidence that the linear relation between the SMBH and bulge mass steepens at low mass (Graham & Scott 2015) , with several cases of central black holes in dwarf galaxies (Valluri et al. 2005) . These are smaller than 10 6 M and the 80% occupation number found in nearby dwarfs suggests that they were of either Population III or primordial origin (Nguyen et al. 2017) . There is also an ultra-compact dwarf galaxy of 3 × 10 8 M containing a 2 × 10 7 M SMBH (Seth et al. 2014) , possibly the stripped core of a previously massive galaxy (Ahn et al. 2015) . At high redshifts, SMBHs are predicted to be obese if early growth occurs (Agarwal et al. 2013 ) but current data are inconclusive (Shankar 2016) .
It is therefore interesting to consider the possibility that quasars are seen at high redshift because they are powered by SMBHs which formed before galaxies, In this case, they could be primordial (Bean & Magueijo 2002; Duechting 2004; Khlopov et al. 2005; Clesse & Garcia-Bellido 2015) and this would lead to three possible scenarios.
* The first possibility is that the PBHs were themselves supermassive, so that they can be directly identified with the SMBHs. In this case, as discussed below, the black holes could also help to generate galaxies through either the seed or Poisson effect, the fluctuations growing by a factor of 4000 between the time of matter-radiation equality and today. This naturally expains the proportionality between the black hole and galaxy mass and it could provide an early mode of galaxy formation that might be important for the reionization of the universe (Chevallard et al. 2015) . This would also have implications for 21cm observations of HI absorption in the dark ages, because of the longer path length of X-ray photons (Fialkov et al. 2017 ).
* The second possibility is that the PBHs had a more modest (intermediate) mass and then grew through Eddington-limited accretion. This scenario was first suggested by Bean and Magueijo (2002) , although they overestimated the amount of accretion in the early phase, and it has subsequently been advocated by other authors. Bean and Magueijo argued that it needs a very narrow PBH mass function to reproduce the observed distribution of SMBHs, while Kawasaki, Kusenko & Yanagida (2012) suggested a specific inflationary scenario to account for this. However, most of the accretion still occurs after decoupling, so it may be difficult to distinguish this observationally from a scenario in which the black holes are non-primordial. In both cases, one would expect a lot of radiation to have been generated and this may explain part of the observed X-ray background (Soltan 1982 ).
* The third possibility is that the PBHs had a more modest mass and generated the SMBHs In the second and third scenarios, the SMBHs are not in place early enough for the galactic-scale fluctuations to experience the full growth factor of 10 4 , so galaxies would have to form from primordial fluctuations in the usual way. Nevertheless, the presence of intermediate mass PBHs could still be advantageous in resolving various issues in dwarf galaxy formation (Silk 2017b) , especially since black hole recoils following binary mergers may suppress the presence of IMBHs in dwarfs that have undergone mergers as part of their formation history. Therefore one might not expect to end up with a single IMBH or SMBH at the centre of the galaxy in the second and third scenarios. Recall also that one needs considerable accretion in order to avoid the µ constraint. Since the latter applies above 5 M , a PBH of final mass m must increases its mass by at least a factor m/10 5 M .
B. Supermassive PBHs as seeds for galaxies
We start with some historical remarks. Hoyle and Narlikar (1966) theory is now superseded, Hoyle and Narlikar also discussed how deviations from spherical symmetry could give the range of shapes observed in elliptical galaxies, and how spirals could form from rotational effects. These features should apply in any seed theory.
Subsequently, Ryan (1972) also argued that SMBHs could seed galaxies. Using a spherically symmetric Newtonian cosmology, he showed that the hydrodynamic equations permit a solution in which the density contrast has a particular form in the radiation-dominated and matter-dominated eras. This gave expressions for the galactic mass M g ∝ m 2/5 and radius R g ∝ m 1/3 . For our Galaxy, Ryan obtained m ≈ (1 − 9) × 10 6 M , which encompasses the now established mass of 4 × 10 6 M (Eckart & Genzel 1996; Ghez et al. 1998 ). This analysis preceded the discovery of dark matter in galaxies and so is no longer applicable but it was still very prescient. Gunn and Gott (1972) pointed out that one can make a very specific prediction about the structure of the galaxy resulting from the seed theory. If we assume that each shell of gas virializes after it has stopped expanding (i.e. settles down with a radius of about half its radius at maximum expansion), then one would expect the resultant galaxy to have a density profile ρ(r) ∝ r −9/4 . This is because the shell with mass M (r) binds at redshift
4/3 and density
. This does not agree with the standard NFW profile (Navarro, Frenk & White 1996) , which goes from r −1 at small radius to r −2 at large radius, but one would not expect this to apply within the radius of gravitational influence of the central black hole anyway (Gondolo & Silk 1999) . Indeed, hierarchical merging should rapidly erase memory of the profiles around the initial seeds, much as found in the highest resolution dark matter simulations (Angulo et al. 2016 ).
We now turn to our own seed scenario for galaxy formation. In this context, we must first decide whether the PBHs have a monochromatic or extended mass function. In the monochromatic case, all the SMBHs in galactic nuclei would start off with the same mass and the galaxy mass just depends on the redshift at which it binds. Specifically, Eq. (4.1) and the linear growth law δ ∝ t 2/3 for t > t eq imply that a mass M binds at a time
1) so larger galaxies would form later, as in the standard CDM model. However, this scenario does not explain the observed correlation between the mass of the galaxy and the central black hole. This might still arise if the black holes subsequently increase their mass through accretion to a value proportional to the galaxy mass. For example, the effect of the galactic halo on the evolution of a central black hole has been discussed by Volonteri et al. (2011 ) and the observed dark-matter/SMBH ratio of 10 4 might in principle be explained by Eddington-limited accretion (Silk & Rees 1998) . However, in this case Eq. (6.1) no longer applies since the initial seed mass is much reduced. Therefore invoking a monochromatic PBH mass function does not seem very plausible.
For an extended PBH mass function, the PBH seeds will naturally produce a range of galactic masses at a given redshift. However, there are two distinct situations. In the first, the PBHs are sufficiently rare that there is only one per galaxy, which requires f dm < m dm /M , and the galaxy mass is then proportional to the seed mass. This naturally explains why the bulge mass is proportional to the SMBH mass, with the ratio just being the growth factor of fluctuations between the redshift of matter-radiation equality (z eq ∼ 4000) and the redshift when galaxies bind (z B ∼ 3). One would also expect the galactic mass function to be the same as the PBH mass function. However, there should be variances due to obese SMBHs in massive galaxies or anorexic IMBHs in dwarf galaxies. While this scenario is the simplest, it only permits a small fraction of the Universe to go into galaxies.
In the second situation, the filling factor of the bound regions approaches 1, so that the competition between seeds becomes important and one can no longer assume M ∝ m. This situation is more complicated but there should still be a simple relation between the mass spectrum of the holes dn/dm ∝ m −α and that of the resulting galaxies. If M g ∝ m γ , we expect the number of galaxies with mass in the range (M, M + dM ) to be dN g (M ) where
In this case, Eq. (4.7) suggests γ = α − 1, so Eq. (6.2) gives
This is independent of the value of α and converges to the usual equal mass per logarithmic mass interval limit. The upper cut-off in M in part reflects the value of m max but may also be determined by accretion effects, as discussed later. For comparison, the Schechter luminosity function is (Schechter 1976 )
while he Press-Schechter mass function is (Press & Schechter 1974 ) We now consider the other mass functions discussed in Sec. III. Since the predicted galaxy mass function is independent of the value of α, the above analysis should still apply in the matter-dominated scenario (α ≈ 2). The only difference is that the upper limit M max is now determined by the end of the matter-dominated epoch (Carr et al. 2017b) .
One problem with a very extended PBH mass function is that the situation is dynamically complicated, with the larger PBHs tending to sink to the centre of the galaxy through dynamical friction and then merging to form a single SMBH. Numerical simulations would be requred to ascertain even the qualitative features of this scenario. We have seen that a lognormal mass-function is expected in some inflationary scenarios. In this case, the spread of masses is much less, so the complications are reduced. For example, if the PBHs at the peak of the lognormal distribution provide the dark matter, then the ones on the high-mass tail would be sufficiently rare and massive to seed galaxies (Clesse & Garcia-Bellido 2017c).
The PBHs would also form clusters and this would have important consequences for their gravitational lensing effects (Clesse & Garcia-Bellido 2017a) . In the critical collapse case, the mass function is effectively monochromatic, since the PBH density falls off very fast below the upper cut-off, so one cannot produce both the dark matter and seeds for galaxies.
C. Upper limit on mass of galaxy seeded by PBH from accretion
What determines the value of M max in Eq. (6.3)? Two factors impose an upper limit on the galactic mass which can be bound by a PBH seeed. The first is that if M is larger than about 10 12 M , the bound region will not form a single galaxy but fragment into a cluster of galaxies (Silk 1977) . In this case, each galaxy would initially possess a central PBH seed but when the central galaxies merge to form a CD galaxy, the black holes might also merge to form a single SMBH. The proportionality between the galaxy and black hole mass might still pertain but clearly a more complicated dynamical analysis is required in this case. The second factor is accretion (Bower et al. 2016) . Accretion of the baryons cannot begin before decoupling because the Compton drag of the background photons prevents motion relative to the CMB. However, the baryons will quickly fall into the potential well created by the dark matter after decoupling and accretion of dark matter will effectively begin from the time of matter-radiation equality (t eq ).
During the radiation era, the sound-speed is c s ∼ c and the accretion radius R a is just the Schwarschild radius, so the Bondi formula gives (Bondi 1952 )
Integrating this equation gives
and hence
Therefore there is very little accretion for m i M H (t i ) (i.e. for PBHs initially much smaller than the horizon). Although Eq. (6.8) suggests m ∼ M H (t) for m i ∼ M H (t i ), implying that a PBH with the horizon mass at formation should continue to grow like the horizon, this neglects the cosmic expansion. A more careful analysis shows that self-similar growth is impossible, so that accretion is negligible in the radiation era (Carr & Hawking 1974) .
During the matter-dominated era after t eq , R a is increased (since c s falls below c) and so the accretion rate is also increased. Providing the matter temperature T follows the usual background evolution (i.e. neglecting reheating), the Bondi formula gives
eq . (6.9)
Integrating this gives 11) which diverges at a time (6.12) where M eq ∼ c 3 t eq /G ∼ 10 16 M is the horizon mass at t eq ∼ 10 4 y and c eq ∼ c. Thus the mass diverges at a time which precedes the present epoch (t o ∼ 10 10 y) for (6.13) This suggests that PBHs larger than 10 10 M should not be found at the centres of galaxies because they would have swallowed the entire galaxy. This argument complements recent ones of Inayoshi & Haiman (2016) , who find that small-scale accretion physics and angular momentum transfer ultimately limits the SMBH mass to 1 − 6 × 10 10 M , and Ichikawa & Inayoshi (2017) . It is therefore interesting that observations at both low and high redshift indicate a maximum SMBH mass of order 10 10 M . Note that this argument assumes accretion begins at t eq and therefore only applies if the black holes are primordial.
The above analysis assumes that the density and temperature at the accretion radius correspond to the mean cosmological conditions. A more complicated analysis would be required if the growing bound cloud around the PBH ever became larger than the accretion radius. Note also that the accretion rate reaches the Eddington limit when
14)
where t ED ≈ 4 × 10 7 y is the Salpeter timescale (Salpeter 1964) . However, we would only have super-Eddington accretion for (6.15) and this never applies for the SMBHs of interest.
D. First clouds
Population III stars are made in the first clouds. They might also be responsible for forming IMBHs in numbers that are marginally sufficient to seed the most massive SMBHs seen at z ∼ 6, provided that super-Eddington accretion occurred (Pezzulli et al. 2017 ).
However, we have shown that one can also obtain a mass fraction of order 10 −4 in intermediate mass PBHs (as required) with conservative assumptions about the PBH mass function.
In this case, one would not need the first clouds to collapse monolithically in order to form a population of IMBHs. At the very least, this seems to require rather special fine-tuning (Habouzit et al. 2016 ).
Moreover, the mass of the first clouds is sufficiently small that the Poisson effect alone can bind them if PBHs contribute sufficiently to the dark matter. Let us consider the fiducial example of 100m 100 M PBHs contributing a fraction f to the dark matter density. In the canonical LCDM scenario, Jeans mass fluctuations of mass 10 6 M J6 M provide the first DMdominated dwarf galaxies at z ∼ 100. These dwarfs, forming before reionization, are the building blocks of the next generation of dwarf galaxies, some of which may correspond to the extremely metal-poor ultra-faint dwarfs detected in recent deep surveys (Drlica-Wagner et al. 2015; Kim, Peter & Hargis 2017; Newton et al. 2017) . The Poisson fluctuation imprint of PBHs on these scales is ∼ 0.01(f m 100 /M J6 ) 1/2 . This means that the first structures form at z ∼ 100(f m 100 /M J6 ) 1/2 , which may be earlier than in the usual scenario. For the fiducial parameters, one has to carefuly reexamine the limits from recombination due to Bondi accretion of gas onto the PBH, as discussed by Ricotti et al. (2008) and others. However, as discussed in Sec. I,. we can avoid this problem by considering a more conservative case in which PBHs of mass ∼ 10 4 M are subdominant (eg. with f ∼ 0.01).
Let us now compare to the two scenarios. In the LCDM case, one can estimate the sizes, velocity dispersions and virial temperatures of the first systems as
Residual ionization in these clouds leads to H − formation, eventually forming trace amounts of H 2 that allow cooling, fragmentation and formation of massive Population III stars. These short-lived stars generate metallicity and pollute the IGM sufficiently to eventually lead to enhanced cooling and formation of dwarf galaxies. It is notoriously difficult to suppress fragmentation except in the vicinity of enhanced UV fields from neighbouring Population III star clusters (Habouzit et al. 2016; Regan et al. 2017) . There is inevitably competition between fragmentation and direct collapse, the trade-off involving the operation of disk instability (Inayoshi & Haiman 2014) . In the PBH scenario, the first cloud parameters are dramatically changed because of their boosted amplitude and earlier formation. They
In this case, it seems likely that fragmentation is largely suppressed because of the lack of coolants and that runaway growth of the PBHs may ensue. Hence IMBH formation could precede the formation of the first dwarf galaxies. It is also possible that the first clouds are smaller than 10 6 M in the PBH scenario. In the usual LCDM scenario, halos smaller than this cannot retain gas at the temperature T ∼ 10 3 K expected due to H 2 cooling. However, the PBHs will enhance the trapping of gas in the gravitational potential of the first objects to form stars, hence lowering the critical mass. Kashlinksy (2016) has also stressed that the Poisson fluctuations in PBH dark matter should lead to more abundant early collapsed halos than in the standard scenario. He makes the interesting suggestion that the black holes might generate the source-subtracted cosmic infrared background fluctuations detected by the Spitzer and Akari satellites (Kashlinksy et al. 2005 (Kashlinksy et al. , 2007 (Kashlinksy et al. , 2012 . These should correlate with the X-ray background fluctuations measured by Chandra and a recent paper suggests that this can be explained by accreting black holes of possibly primordial origin (Cappelluti et al. 2017) .
VII. GRAVITY WAVES
The proposal that the dark matter could comprise PBHs in the IMBH range has attracted much attention recently as a result of the LIGO detections of merging binary black holes with mass around 30 M (Abbott et al. 2016a (Abbott et al. , 2016b (Abbott et al. , 2016c . Since the black holes are larger than initially expected, it has been suggested that they could represent a new population.
One possibility is that they were of Population III origin (i.e. forming between decoupling and galaxies). The suggestion that LIGO might detect gravitational waves from coalescing intermediate mass Population III black holes was first made by Bond & Carr (1984) more than 30 years ago and -rather remarkably - Kinugawa et al. (2014) predicted a Population III coalescence peak at 30M shortly before the first LIGO detection.
Another possibility -more relevant to the considerations of the present paper and explored by many previous authors -is that the LIGO black holes were primordial. This does not necesarily require the PBHs to provide all the dark matter; the predicted merger rate depends on too many uncertain astrophysical factors for the PBH number density to be specified precisely. However, several authors have made this connection (Clesse & Garcia-Bellido 2015; , with Clesse & Garcia-Bellido (2017a) arguing that a lognormal distribution centred at around 3M naturally explains both the dark matter and the LIGO bursts without violating any of the current PBH constraints. On the other hand, others argue that the PBH density would need to be much less than the dark matter density to explain the LIGO results (Sasaki et al. 2016; Nakamura et al. 2016) . Indeed, several groups have now used the LIGO results to constrain the PBH dark matter fraction AliHamoud, Kovetz & Kamionkowski 2017) . Which alternative pertains depends on whether the PBHs form binaries primordially or after they are clumped inside halos after galaxy formation, on whether they are uniformly distributed within halos or clustered (Clesse & Garcia-Bellido 2017c) and on the PBH mass function. In the latter context, it should be stressed that the PBH density should peak at a lower mass than the coalescence signal for an extended PBH mass function, since the amplitude of the gravitational waves scales as the black hole mass.
Although the origin of the the black holes associated with the LIGO events is still uncertain, future LIGO results and data from other gravitational-wave detectors -such as eLISA (Seto 2016) and Pre-DECIGO (Kawamura et al. 2006 ) -might be able to distinguish be-tween binary black holes of Population II, Population III or primordial origin. For example, Pre-DECIGO will be able to measure the mass spectrum and z-dependence of the merger rate. Another important clue may come from the spin distribution (Kocsis et al. 2017 ) and orbital eccentricities ) of the coalescing black holes.
As first stressed by Carr (1980) , a population of massive PBHs would also be expected to generate a stochastic background of gravitational waves and this would be especially interesting if some of the PBHs were in binaries coalescing due to gravitational radiation losses at the present epoch. This was discussed by Bond & Carr (1983) in the context of Population III black holes and by Nakamura et al. (1997) and Ioka, Tanaka & Nakamura (1998) in the context of PBHs. Stochastic gravitational-wave backgrounds from black-hole binaries offer another way of distinguishing between the progenitors of the binaries. Indeed, LIGO data had already placed weak constraints on the PBH scenarios a decade ago (Abbott et al. 2007 ) and an updated analysis in the light of the recent merger events can be found in Abbott et al. (2016d) , Dvorkin & Barausse (2017) and Clesse & Garcia-Bellido (2017c) .
If PBHs have an extended mass function, incorporating both dark matter at the low end and galactic seeds at the high end, this will have important implications for the predicted gravitational wave background. Theorists usually focus on the gravitational waves generated by either dark matter black holes (detectable by LIGO) or supermassive black holes in galactic nuclei (detectable LISA). However, with an extended PBH mass function, the gravitational wave background should encompass both these limits and also every intermediate frequency. This point has also been emphasized by Clesse & Garcia-Bellido (2017b) .
VIII. DISCUSSION
We have seen that PBHs in the intermediate to supermassive mass range could play several important cosmological roles. They could (1) explain the dark matter, (2) provide a source of LIGO coalescences, and (3) alleviate some of the problems associated with the CDM scenario -including the formation of SMBHs in galactic nuclei or even the first galaxies themselves. Although the main focus of this paper has been (3), with particular emphasis on the seed or Poisson effect, it is important to consider all three roles together.
At one extreme, PBHs may play none of these roles, with our considerations merely placing interesting constraints on the PBH scenario. At the other extreme, they may play all three.
Roles (1) and (2) are rather easily reconciled, since the mass scales involved are quite close and both in the IMBH range. Indeed, there is already a considerable literature on this topic. Reconciling (1) and (3) is more challenging, since the mass scales are very different, and this topic is relatively unexplored. Whether it is possible depends crucially on the PBH mass distribution. In principle, one could invoke two separate PBH populations and this might conceivably arise in some inflationary scenarios. However, this seems less natural than invoking a single PBH population, in which case we need to distinguish between a monochromatic and extended mass function. dm . However, this situation is dynamically complicated because of the large PBH mass range. For a lognormal mass function, the PBH mass range is narrower, so the scenario is easier to understand and probably more plausible.
For a critical mass function, most of the density is still concentrated at a single mass-scale, so the situation resembles the monochromatic one and PBHs cannot both provide the dark matter and galactic seeds.
We stress that our proposal should be regarded as complementing rather than rivalling the CDM scenario, since there is no denying the success of the latter. We also emphasize that our proposal has observational consequences that can be probed by future deep surveys in the optical, radio and X-ray frequency regimes. In particular, 21cm dark-age experiments could play an important role in evaluating the contribution of PBHs to early heating and/or ionization of the universe. Such experiments could potentially discriminate between primordial and conventional sources of ionization in the dark ages because of the differing redshift dependences and consequent implications for the hydrogen spin temperature evolution.
One aspect of our proposal which has been rather neglected in this paper is PBH accretion in the period after decoupling. It is clear that this is crucial in conventional scenarios for SMBH formation in galactic nuclei and it could be equally important in the primordial context. Indeed, observations of accretion at z > 100 could be an interesting discriminant of the primordial scenario, since this would not be expected in the Population III scenario.
This also relates to the issue of whether the PBHs were initially in the intermediate or supermassive mass range. In order to generate cosmic structures without violating the current µ constraints, we either need to invoke intermediate mass PBHs plus accretion or supermassive PBHs plus high non-Gaussianity.
We should also comment on how our proposal helps to resolve some of the problems associated with the standard LCDM scenario. Many dwarf galaxy problems can be solved by early feedback from a central IMBH when the dwarfs were gas-rich (Silk 2017b ). This could distinguish a PBH from an astrophysical IMBH formed by mergers. In the latter case, recoil is important, especially in shallower potential wells (Choksi et al. 2017 ). An especially important feature -that lacks alternative explanations -is the baryon deficit in massive galaxies. Supernova feedback fails to eject enough baryons both for the present day Milky Way and for massive dwarfs, the latter being a manifestation of the "too big to fail" problem (Garrison-Kimmel et al. 2013 ). There are other solutions to this problem but these do not resolve the baryon deficit (Tomozeiu, Mayer & Quinn 2016) . AGN feedback, most notably for the Milky Way, fails because the central SMBH is too small.
The only solution may be to invoke IMBHs in dwarfs that are assembling to form galaxies like the Milky Way; in this case feedback may eject baryons well beyond the viral radius (Peirani et al. 2012) . The missing satellite problem is similarly resolved by IMBH feedback, although we note that the reality of this problem has been questioned because of selection effects in counting the observed dwarfs (Kim, Peter & Hargis 2017) . Core creation is facilitated by supernova feedback driving bulk gas motions that dynamically heat cusps (Pontzen & Governato 2014) but AGN in dwarfs will produce similar effects. Indeed, this AGN-induced softening occurs even in massive galaxies (Peirani et al. 2018) . The formation of a central SMBH from the mergers of IMBHs could result in the softening of the CDM cusp of the host galaxy (Rashkov & Madau 2014) . Indeed, our own galaxy may have a kiloparsec-scale core rather than a cusp (Portcail et al. 2017 ).
Finally we comment on the implications of supermassive PBHs for primordial nucleosynthesis. It is sometimes claimed (Carr 2006 ) that the success of the BBNS scenario excludes PBHs forming after weak freeze-out, corresponding to initial PBH masses above 10 5 M .
However, this need not be true because at most 10 −6 of the mass of the universe can be in PBHs at this time, even if they provide all the dark matter today. On the other hand, even a small fraction of PBHs could have interesting consequences for primordial nucleosynthesis. For example, if we consider PBHs of 10 7 M forming at 10 2 s, there should be an overproduction of helium around each one because of the local density overenhancement,
The net cosmological effect will be at most 0.01% because of the rarity of collapsed regions.
Nevertheless, if mixing is inefficient, one might expect rare regions on dwarf-galaxy scales, optimistically 1 in 10 5 , with anomalous primordial nucleosynthesis abundances.
